1 The case q ≡ 7 mod 8
In this case we know, by a recent result of J. Coates and Y. Li ( [5] , Theorem 1.3), that L(E/H, 1) = 0. In the table below we calculate numerically these values for all such q up to 4663. Now let us say a few words about the Magma implementation. The starting source for us was the article by M. Watkins [7] , which gives some numerical examples (or rather hints) how to compute Grossencharacters and critical L-values (sections 5.4 and 6.1 deals with Q( √ −23), but of course we need to keep track of the effect of twisting). But it was not enough for us to write an algorithm calculating L(E/H, 1). Watkins [8] corrected our algorithm (or better, he wrote a new one) and tested for q = 23 and 79. It was a starting point for us to make extensive numerical calculations. The algorithm uses the fact that L-series of an elliptic curve over H splits into factors corresponding to Grossencharacters twisted by Hilbert characters and its conjugates (so it uses the classical Hecke-Deuring theory linking elliptic curves with CM to Grossencharacters, with keeping track of the effect of twisting). Here are some more details. Assuming 2O K = pp ⋆ , and choosing the sign of √ −q so that ord p ((1 − β)) > 0, we can check that E/H has good reduction outside the primes of H lying above p (see [5] ). Moreover, the Deuring Grossencharacter ψ E/H of E/H is then equal to ρ • N H/K , where ρ is the Grossencharacter of K with conductor p 2 defined by ρ(a) = α, a h = αO K , α ≡ 1 mod p 2 .
The algorithm computes the values L(ρχ, 1), where χ runs over the characters of the ideal class group of K. Now thanks to the above formula and Deuring's theory it follows that L(E/H, 1) will be given by the product of all the L(ρχ, 1)'s and their complex conjugates.
Now we know by Iwasawa theory that the Tate-Shafarevich group X(E/H) is finite because L(E/H, 1) = 0. Below we will write down an explicit conjectural formula for the order of X(E/H). Let h denote the class number of
, and let Ω(q) be a period defined in [6] :
The prime 2 splits in K, and we write 2O K = pp ⋆ , where we have chosen the sign of β = √ −q so that ord p ((1 − β)) > 0. Then E is the quadratic twist of the Gross curve A/H by H( √ −β)/H. Let {v 1 , ..., v r } be the set of primes of H lying above p, so that r = h/j, where j is the exact order of the class of p in the ideal class group of K. It turned out that there are exactly 18 primes q ≤ 4663 congruent to 7 modulo 8, for which r > 1.
One easily checks that in case q = 7, the formula from Conjecture 1 is equivalent to (2.11) from [3] . The above conjecture agrees with the Birch and Swinnerton-Dyer conjecture for E/H. In particular, the set of bad primes of E/H is precisely {v 1 , ..., v r }, and the factor 2 −2r in the above formula takes account of the fact that the Tamagawa factor at each of these primes is 4.
John Coates informed one of us (A. D.) that one should be able to use the Iwasawa theory being developed in [4] to prove the above conjecture.
Below we use Conjecture 1 to calculate #(X(E/H)) (i.e. the analytic order of X(E/H)) for all primes q congruent to 7 modulo 8 up to 4663. In this case the curve E defined by the equation (1) is also defined over H. Here the prime 2 is inert in K, and the curve E will always have good reduction outside the set of the primes of H lying above 2 (assuming q > 3). The Deuring Grossencharacter ψ E/H of E/H is then equal to ρ•N H/K , where ρ is the Grossencharacter of K with conductor 4O K defined by
The algorithm computes the values L(ρχ, 1), where χ runs over the characters of the ideal class group of K. Again, thanks to the above formula and Deuring's theory it follows that L(E/H, 1) will be given by the product of all the L(ρχ, 1)'s and their complex conjugates. Our numerical calculations (given in the table below) lead to the following conjecture (see [5] , Conjecture 1.5).
Conjecture 2 For all primes q with q ≡ 3 mod 8, we have L(E/H, 1) = 0.
As it is remarked in ( [5] , p. 2), in contrast to the proof of Theorem 1.3 there, the authors see no way at present for attacking such a conjecture using Iwasawa theory.
In this case, we propose the following conjectural formula for the order of X(E/H). Now, the Tamagawa factor at each prime of bad reduction is 1, and the following conjecture agrees with the Birch and Swinnerton-Dyer conjecture for E/H.
Below we use Conjecture 3 to calculate #(X(E/H)) (i.e. the analytic order of X(E/H)) for all primes q congruent to 3 modulo 8 up to 11131. After all the calculations were finished, John Coates informed us that for q congruent to 3 modulo 8, one should actually take the square root of the j(O K ) − 12 3 with negative imaginary part to get the appropriate quadratic twist of the Gross curve A (see the formula (2.2) of the paper by Buhler and Gross [2] ). Hence, we should work with the conjugate of the equation (1) under the Galois group of H over Q. We have checked for a few small q congruent to 3 modulo 8, that the L-values, torsion parts and Tamagawa numbers of the two conjugate curves are the same. As a consequence, the analytic orders of Tate-Shafarevich groups of these curves are the same. John Coates expects that Tate-Shafarevich groups of these curves are actually isomorphic, but all is not totally clear theoretically.
